
Model Documentation of the
Ball and Beam

1 Nomenclature

1.1 Nomenclature for Model Equations

m1 mass of the ball
J1 moment of inertia of the beam
J2 moment of inertia of the ball
r radius of the ball
g acceleration due to gravity
τ torque in the middle of the beam
q1 distance between the ball and the middle of the beam
q2 rotation angle of the beam

1.2 Graphic of the Structure

Figure 1: Structure of the Ball and Beam
Source: Wang, Yang/Erstellung eines regelungstheoretischen Katalogs

unteraktuierter mechanischer Systeme

2 Model Equations

State Vector and Input Vector:

x = (q1 q2 q̇1 q̇2)
T = (x1 x2 x3 x4)

T

u = τ

System Equations:

ẋ1 = x3 (1a)

ẋ2 = x4 (1b)

ẋ3 =
m1x1x

2
4 − gm1 sinx2

m1 +
J2

r2

(1c)

ẋ4 =
u−m1gx1 cosx2 − 2m1x1x3x4

J1 + J2 +m1x2
1

(1d)

Parameters: m1, J1, J2, r, g
Outputs: x
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2.1 Exemplary parameter values

Parameter Name Symbol Value Unit
mass of the ball m1 0.05 kg
moment of inertia of the beam J1 0.02 kg ·m2

moment of inertia of the ball J2 2.0 · 10−6 kg ·m2

radius of the ball r 0.01 m
acceleration due to gravity g 10 m

s2

3 Derivation and Explanation

The Lagrangian mechanics was used for the solution.
Rotational Energy:

Trball =
1

2
J2x

2
4 +

1

2

J2
r2

x2
3 (2)

Trbeam =
1

2
J1x

2
4 (3)

Translational Energy:

Tt =
1

2
m1(x

2
3 + x2

1x
2
4) (4)

Potential Energy:

V = m1gx1 sinx2 (5)

The depicted open loop control in figure 2 diverges as expected.
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4 Simulation

5 Simulation

Figure 2: Simulation of the ball beam.
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