
Model Documentation of the
Heat Equation

1 Nomenclature

1.1 Nomenclature for Model Equations

t time
z space
α thermal diffusivity
u(z, t) input trajectory
x(z, t) wanted function describing spacial and temporal

development of the temperature

2 Model Equations

System Equations:

ẋ(z, t) = αx′′(z, t) z ∈ (0, l), t > 0

x(z, 0) = x0(z) z ∈ [0, l]

x(0, t) = 0 t > 0

x(l, t) = u(t) t > 0

Parameters: α

2.1 Assumptions

1. x0(z) = 0

2.2 Exemplary parameter values

Parameter Name Symbol Value
thermal diffusivity α 1

3 Derivation and Explanation

Approach [?]:

• inital functions φ1(z), ..., φn+1(z)

• test functions φ1(z), ..., φn(z)

• where the functions φ1(z), .., φn(z) met the homogeneous boundary con-
ditions
φ1(l), .., φn(l) = φ1(0), .., φn(0) = 0

• only φn+1 can draw the actuation

1



Approximating the wanted function with

x(z, t) =

n+1∑
i=1

x∗
i (t)φi(z)

∣∣∣
x∗
n+1=u

=

n∑
i=1

x∗
i (t)φi(z)︸ ︷︷ ︸
x̂(z,t)

+φn+1(z)u(t).

The weak formulation is given by

⟨ẋ(z, t), φj(z)⟩ = a2⟨x′′(z, t), φj(z)⟩
+ a1⟨x′(z, t), φj(z)⟩+ a0⟨x(z, t), φj(z)⟩ j = 1, ..., n.

Shift of derivation to work with lagrange 1st order initial functions

⟨ẋ(z, t), φj(z)⟩ =

=0︷ ︸︸ ︷
[a2[x

′(z, t)φj(z)]
l
0 −a2⟨x′(z, t), φ′

j(z)⟩
+ a1⟨x′(z, t), φj(z)⟩+ a0⟨x(z, t), φj(z)⟩ j = 1, ..., n

⟨ ˙̂x(z, t), φj(z)⟩+ ⟨φN+1(z), φj(z)⟩u̇(t) = −a2⟨x̂′(z, t), φ′
j(z)⟩ − a2⟨φ′

N+1(z), φ
′
j(z)⟩u(t)

+ a1⟨x̂′(z, t), φj(z)⟩+ a1⟨φ′
N+1(z), φj(z)⟩u(t)+

+ a0⟨x̂(z, t), φj(z)⟩+ a0⟨φN+1(z), φj(z)⟩u(t) j = 1, ..., n

leads to state space model for the weights x∗ = (x∗
1, ..., x

∗
n)

T

ẋ∗(t) = Ax∗(t) + b0u(t) + b1u̇(t).

The input derivative can be eliminated through the transformation

x̄∗ = Ãx∗ − b1u

with e.g.: Ã = I, and leads to the state space model

˙̄x∗(t) = ÃAÃ−1x̄∗(t) + Ã(Ab1 + b0)u(t)

= Āx̄∗(t) + b̄u(t).
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4 Simulation

Figure 1: Simulation of the Heat Equation.

Figure 2: Simulation of the Heat Equation.
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